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USING DIFFUSION MEASU1i!WENTS TO DETERMINE

PORE-SIZE DISTRIBUTIONS TN PORWS KATEhIALS

Lee F. Brown*and BryanJ. Travis

Basicand AppliedGeosciencesDivision
Los AlamosScientificLaboratory,Lo:;Alamos,NM 8’/545

ABSTRAC”f

A methodfor determiningpore-sizedistributionsfromd~ffusi~?i
measurementsis presented. A Wicke-Kallenbnchexperiment,for mea-
suringdiffllsionfluxeswithinporousmaterials,is carriedout ovrr
a significantportionof the transitionran~ebetweenKnudsenflow
and bulk dl~fusion. If the internalporousntructureof the material
1s mudelr.1US myriadnonlntersect~ngcylindricalpores,an equation
may be derivedfor the fluxas a functionof pressure,in which the
fluxis a functionalof ttlepore-sizedistribution,The equationifi
a Frcdholmintegralequationof the firstkind. This 1s an applica-
tio,lof the general{nverslollproblem,and solutionof the equation
for Lhc pore-sizediatrlbu:;lonia possible, It ia demonstratedfrom
calcu].-t.cdfluxesusingpostulatedIdealdlst,ributionsthat the methcr
worksveryWC1l for both unlmodalan(iblmodaldistrlbutlonn.h
mcthml ir noL t!xtrnordlnarllysen:~ltlveto experimentalerror. An
exampleof n dintrlhut,lonobt,:linodfroma rummorclnlporouscnt;l~y:~t,
in pr-e:mnt.r(!and comparrdwith t,}]i~t Ataint’dby mercurypornntmct.ry.



The f?haracteristjcsof a porousmaterials internal-voidstructureare

importantalmosteverytime the materialis involvedin any sort of process.

Thesepr,)cesscst’angefrom the bi:)logicalkind thro:lghcatalysis,coal G;,sl:i-

caticm,petroleumproduction,and otherstoo numeroustn ment.lon.

?robablythe firststep in exam~ningthe inter~alpore struet.ureof a

materialis the evaluationof its totalir.terllal-voidvolumeby orieof t!lt’

capillury-fillingm,?t.hodsdescribedby Innes(1968)or by using tfiemercury

and heliumdensit~esmentionedby Fass et al. (1974). Next,wouldLN the mea-

surementof totalsurfacearea, both Internaiand external,usjng the elegantly

practicalphysicaladsorptionmethoddevelopedby Brunaueret al. (193d).

Beyondthis,there is the recognitionthat the pores in a materialdo

not all have the same size,and do a distributionof pore sizesmust be deter-

mined. An unusuallycomprehensivereviewof met.lmdsfor measuringpore-ai”?e

distritlutionshas been presentedby Dullienand Ratra (1970). Of t!lrm~thods

mentionedthere,the nitrogensorption-condensationand the mercurypenetration

met.tlodshave nchicvrdpopularityfor measur]ng:~implelsothermn. Both of the:lc

tectmiquescomhlncthe vlrtuefiof rcason:~lllrulldnot overly-longexperimental

procodurcswith slmpl(:mathemiiticaliIrI(ily::J.-,. A Jump upward in scphist.lmtlon

and reallsmIn modelln~pore-nl,sedlstrlbu*,ion::has comu with Llw dcvelopmwt,

m“;lfil~r~mell~~ :111(IUUP or ilMvaI*iatupnre-cl::l’ (Ilsi.plt:llt,ionbv Dulllon(197!);.

Both thv nitrogensorption-eon,ltqns,~t.l.onand the mnrcurypenctriltlo~

IW.hk l]iiv!lfii~lflciintd?’awbin~k:i.U:llnfjth~rnwar n glnnt,:;t~pforwardIr]

tho atrllltyLo predlet.dl!’c’u:+lonl’a~uYJIIIf-,:)rvl1:1n;lt,-lynt,:l,but t.hf~best

tf?rl]fl~qu~:lntlllcan only fo?’(!~ilfitdiffunionrnt.[vwi’,hlnn fn?torof Lwc”.

(S:\tL1’rf”loldnrldCndln,19tJ8;I]rowtlrt al., l~bq)m ‘Ihl’~orcenntnfor som~~

pr’dl~?tnbl(iuxt:eptlnrl:;nrrI[!vrinwor~nn(I{r”nwr)PI :1].,1900;”Ilavnon;In[ljlpo~n,

19”/.’).Gl!lll.!ifl~~fif~r(l~j’Ih) polritnout [,tl;lt.pnrn:wbl]It.yprwxIIrlIorl,qh;l,mr~~lor]

m[’1’(sll)*y-~~(’llr’t.rl:lt.lorlpl)rw-:llxll(11:11.r’ll)ll!.lorl::~lnv~~hl~orlvor”yp(]nr’.Th(vi[sO~~:lt’l’-

v:lL!rrI::!lrllllwlLvthnt thullflllLho pr]rs~-:ll;!ntll:lt.r’ll]lltl~~rlfifrommcrr’ur’yl,mmLr”n-

tf[)rl111111r)ltrh)};f~rl:I[)r’l)tIf)rl-(ll)fi~lr~rl:::l~,I011[Inp,lvo vnIU:IIIIo Irlf’orrwitlohwrwef’t]iI:F,

LIIolflt.f~rwnl-v~llll:It.rul’t.llrwlt,llor’li1:1::1.111mlwl)tf:lhnil:lllr”f~Utlivllvur’fwril.ly1:1

rhjt.dlml



Usinga bivariatedistribution,Duliien(1%’5) was able to obtainquite

good predictionsof permeabilityIK severalsandstones. His bivariatedistri-

butionsare obtainedby c~mbiningmercuryporosimetrywith quantitativephoto-

micography. The lattertechniqueis quite time-consuming,and thus one of

the advantagesof the simplemethodsis lost. It also has not yet been applied

to poreswith radiibelowabout 1 vm. In addition,thoughit is wellknotin

thatmany porousmaterialsare not isotropic,none of the methodsdiscussedso

far measureanisotropyin any fashion. New methodsr’ordeterminingpo~”e-cize

distributionscouldwell filla need for givingmore inf’ormaLionabGut Lfle

internal-voidstructureof a porousmaterial.

This paperpresentsa methodfor the determinationof pore-sizedistr’i-

hutions!“romdiffusionmeasurements.The methodis an applicat.lonof the

generalinversionproblemthat recrntlyhas been receivingatt?nt-ionIrimarly

fields(Allisori,1979)= In this techni,~ue,the pore-sizedistributionmust be

obtainedby she solutionof a Fredtiolmintegralequationoi the firstkind.



THECliY

Tne FundamentalEquatio~

An exper~mentfor evaluatingdiffusionwithinporousmaterialswas

~~visedby Wickeand Kallenbach(1941)whichmeasuredgteady-gtatecounter.
diffusionratesof two gases throughone or more porouspellets. In this

experiment,thereare no temperatureor pressuregradientsacrossthe pellet.

This approachhas been used widely,and detailzddescriptionsof modernappa-

ratusand proceduresfor carryingout the Wicke-Kallenbachexperimentare

availableboth for pressuresgreaterthanatmospheric(Bell,1971)and below

atmospheric(Remick,1972).

An equationhas been developedwhichdescribesthe dependenceof a dif-

fusionrate in the Wicke-Kallenbaehexperimenton the porosityof the solid,

gasesinvolved,pressure,temperature,and pore ~ize. This equation,derived

independentlyfrom differentmodelsby Evanset al. (1961)and by Scottand

Dullien(1562),is

in whlct,

c ‘AB p in

[

1 d!yAL
NA =

+ (DAB/DKA)

RTL:l 1 AIyAo+(DA,/~KA)1
‘All= (D:D)(Po/P)!T/lo)’”75

For a cyllndr;r,alpore, DKII❑ (2/3)(6 RT/:lMA)l’2(r)

(1)

(:)

(3)



E ‘AP
P in

[1
1 -ayAL

NA =
RTLct 1 -ayAo

and at low pressures,Eq. (1) becomes

N= CDKA P-

A
RTL

To use Eq. (1) in the derlvatior]of

(Y~o- yA~)

an equationto describethe total

(4)

(5)

fluxt;)rougha realporoussolidwith pores of varyingsize,shape,and lnter-

connecti..ity,a modelof the porou3substancemust firstbe postulated. The

most conrionmodel of a porousmaterl.al’sinternal-voidstructure13 myriad

randomlyorientednonintersectingcylindrical.porespiercingthe solid. The

variousporesmay have differentradii.

Usingthis❑odel,an equationmay be developedfor the totaldiffusive

?lUXthrougha poroussolidIn ths Wioke-Ka,lienbachexperiment. A pore-size

distributionfunction f(r) is definedso that f(r)dr is the fractionof

th~ totalpore volamethat is composedof poreswith radiibetween r and

r + dr. If all the poresare orientedLn the directionof diffusiveflow,

then it followsfrom Eq. (1) that the totalflux throughthe poroussolid Is

%i x

‘: ‘)AB p H[in 1 - ‘lY’AL+ (DA1l/DKA)
NA : ———

RTLN ~- ayAo + (DAB/DKA
pm~n d

If tklepores are not all oriented in the direutionof iiif!’usiveflow,but

PaLhePare orientedri,ndomly,then the total fluxgivenby Eq. (6) is divided

by a tortuosit.yfactor. For randomlyorlvntd, nonlnWr8Wtlnfiporca,t,hc

tortuosityfactorequalnthree(Fcnt?and Stemrt, 1973). Thus

for the total.dit’hsivcfluxthroughour model porousMtcrirl

l’mnx
I IIA,, r

NA =
-jm-i7T f

‘“mill

the eqlultloll

i:1

111

[

1 - llYAL+ (l~A#DKA)

)11
f(r)[lr (’/)-—

1 .““yAn + ‘])A’!7])KA



If Eqs. (2)and (3) are substituted

Kallenbach experiment is carried out at a

pressures, the resulting equation Is

intoEq. (7), and if a wicke-

singletemperatureover a range of

[

1.75
cD;BPo(T/To)

NA=_
?RTLa

1

rmax

JII1
1.75 1“75)(8RT~MA)1/2]]

in
- ayAL + {(3D&oT )/[(2rPTo ]1f(r)dr(8)1- aYAo + {(3D&PoT’”75)/[(2rPTo‘“75)(8Ei%MA)

1/2,1

rujinL

The functionaldependenceof thisequationcan be representedas

NA(P)=

1

Ab K(P,r)f(r)dr (9)

This is a FredholmIntegralequationof the firstkind. If the kernel

K(P,r)is a known functionand the ~unctJ.onNA(P) is also kncm while

f(r) is not, undersome conditionsthe function f(r) may be obtair,ed.

Since f(r) is the pore-sizedistributionwe are seeking,solublonof the

Wuatlon will yield the desired$oal.

The equationcannotbe qolvedto yiel,dthe distribution f(r) at either

high cr low pressures. At h&h pressures,wherebulk diffusioncompletely

limitstkleflowrate,Eq. (8) becomes

In th

eqtink

(10)



2cp (y*.- yA~)
NA =

3(nRTMA)”2L

(11)

When thisequationIs vaiid. ‘A is a functionof’ P, but the valueof’the

Integml doesnot changewhen P chan~es. Thereforeno uniquesolutionof

the equationfor f(r) is possible.

However,for the transition‘-egionbetweenthe bulk diffusionand Knudse:.

flow regimes,it is possibleto solveEq. (8) for f(r),and so the pore-size

distributionmy be obtainedfrom a Wicke-Kallenbachexperimentcarriedout

over the properpressurerange. The methodfor obtainingthe distributionfrom

the flux data is discussedin the next section.

Solutionof the Equation

A Fredholmintegral

Mullineaux,1959):

equationof’the firstkind has the form (Irvingand

b

~(x) =
\

K(x,t)$(t) dt (12)

a

in which +(t) is unknown. If K(x,t) and $(t) are reasonablysmoothfunc-

tionsof t, the integralEq. (12)can be approximatedvery closelyby the

finitedlfr”erenceanalog

M

II(XJ)❑z K(xJ,tJ)$(tJ)‘$t , 1 = 1, 2,J
● m., N,

j=l

(!3)

for suitnblychoacn ‘i in the intervalIc,dl and
‘J

in the interval

[a,b]. Jn nll~trlxnotat.inn,(13)becornen



where 6t is a diagonalmatrixwhose Ciagonalelemenbsare
=

factors for the integ=tion interval. The straightforward

this,namely,

dozs not work

tainedas M

writing

dt-’K-l ~,4== .

in most inve~seproblems.

is increased. An example

Wildlyoscillating

(14)

the weighting

approa~hto solving

(15)

‘solutions”are ob-

of this catastroph~cbehavioris shown

in Allison’spaper (1979). The same difficultyoccursin the presentsituation

when Eq. (15)is appliedto Eq. (!?~j.

The reasonfor Lhp instabilityof this simpleinversionapprnacklies fn

the smoothnessof ‘,nekerneland the accuracywith which the dab function,n,

is known. In Fq. (12),$(t)can be replacedby $ + On where $n repre-

sentsa high frequencyfunction(suchas sin nt). If K is a smoothcontin-

uous function,then the contributionof ‘$n for sufficientlylarge n will

be equalto or less than the errorpresentin ~(x). In otherwo;”ds,the

smoothkerneldoes not allowhigh frequencycomponentsto be discriminated

against. Consequently,on inversion,thereis no way to determinethe riela-

tivecontributionsof high frequencycomponents.

An acceptableapproachto thisproblemis knownant!is commonlycalled

the methodof regularization(Tlhonov,1963). The Fredholmequationof the

firstkind (12) is replacedwith

b

\
~(s,t)$l(t)dt+ bH [$1(3)1= y(S)

a

(16)

w]Icrc 11[’1111is a dif~erentialoperator(usuallyequal to $l(s)+ k+;(s)



d

where k is an arbitrarypasitivefunction),~(s,t) = ( K(E,s)K(L,t )d~ and

J
%

i(s) = K(x,s)~(x)dx;this is a generalintegralequationof the secondkind.

Theseequationsare g“:fierallywell behaved. As Bapproacheszero, $, in

Eq. (16)approaches $ in Eq. (13). When the integralsin Eq. (16?are approx-

imatedby suumatlonsof finiteincrementsand the resultwrittenIn matrld

form, one obtains

[ 1-

K*6xK6t+3~ I$l=K*,$XJ (17)
= === =

where 5* is the transpose of K, ~ is a diagonalmatrixwhoseelementsare the
=

weighti~ factorsfor the interval [c,d].

Thereis a valLe of $ which providesthe best approximation$,(t)

to $(t). In practice,Eq. (17) is solvedrepeatedlyfor $,(t), using

steadilydecreasingvaluesof E . If 81s allowedto become too small (gefi-

erally,less than the error levei In n ), the solutionbecomesunstable. The

closesta~proachof $1 to @ is determinedby searchingfor the value of B

whichminimizesthe functional

N M

J=
E[ z 1

2
n(xi)- K(xi,tj)tl(tj)?tj

i=l j=l “ J

(18)

An additionalconstraintwhich Imp-ovcsthe deterrlnat:o:.I!“ $,(t) is the

requirementthat $,(t)~ O. Negativev:lluesof pnrF’-r!T~f~xtributiensare

meaningless.

This Is the methodused to determinethe pore-sixedtstrillut..ionspre-

sented in the followi~qsectionsof thispaper. Furtherdetails01’this

technique,its history, fundamenbls, and gent?raliz:lt.lona of it, can be found

in the paperby Allison (1979).



TESTS OF THE METHOD

The firsttestsevaluatedthe methodunderidealconditions. Two Porous

solidscontainingparticularpore-sizedistributionswere picturedand fluxes

calculatedthatwould be obtainedexperimentallywith suchmaterials. Using

the calculatedfluxes,pore-sizedistributionswere determinedby the proposed

methodand comparedwith the originalpostulateddistributions.In other

words,a distribution f(r) was stipulated,and
‘A

as a functionof P

was determinedemployingEq. ‘)with NA as the unknown. Using the calcu-

lated NA(P), the situationWZZ.~henreversed,and Eq. (8) with f(r)as the

unknownwas used to determine f(r) by the numeric~ltechniquedescribedin

the precedingsection.

The firsv theoreticaldistributionwas a normalone centeredabout a

pore mdius of 50 nm:

f,(r) ❑ 0.03989exp [-4 (r
200

with r in nanometers.The secondtheoretical

- 30)2] (19)

distributionwas bimodal,with

componentsdistributednormallyaroundpore radiiof 5 and 50 nm. One-halfof

the totalpore volumewas in each segment f the distribution.The distri-

butionwas:

fz(r) : 0.1995exp [-~ (r - 5)21 + 0.01995exp [-~ (r - 50)2]
20(.I

Again, r in this distributionis in nanometers.

The conditionsused for the calculationswere:

c 0.5

Temperature,K 298

‘Ao
1.0

‘AL
0.0

Test I PressureRange,Ml-h 0.1 - 2.0

Test2 Pre3sureRange,MF:l 0.1 - 2,0

0.1 - 30.0

(20)



In the first.test,fluxeswere calculatedusingthe postulatedsimple

norml distributionand a 20-foldpressurerangetypicalof ~xperircental

studies(Ha.nes, 1969). Figure1 presentsthe resultsof this test. The curve

is the pc..~.latednormaldistributim,and the circlesare the valuesof the

distributiondeterminedusingthe proposedmethod. Twenty-onepoints from the

calculated-fluxcurvewere employed. The agreementbetweenthe postulated

curveand the one determinedby the proposedmethodis excellent,with onlya

slightdifferencebetweenthe postulatedcurveand the determinedone at the

centerof the distribution.

The first test showedthat the performanceof the methodis very good

when the distributionis a simpleOM. Usinga bimodaldistributiongivesa

❑uch more severetrial,however,&nd the secondtest did this. Follwing the

sameprocedureas in the firsttest,a pore-sizedistributionwas determined

using the proposedmethodand comparedwith the postulatedbimodaldistri-

bution. The resultsare shownin Fig, 2. The sclidcurve is the postulated

distribution,the triangleswere obtainedusingthe 2U-foldpressure~nge of

the first test, and the circlescame from Jsinga 300-foldpressurerange.

Even from the lowerpressurerange,the two peaksare easilydiscernible,while

theyar’ quitewell defineduslfigthe hiuherpressurerange.

A thirdtestof the methodcheckedits sensitivityto smallexperimental

errors. Haynes (1Y6?)obtaineddiffusiondata from Wicke-Kallenbachexperi-

ments using several differentporouscatalystsand adscrbents. Usinghis data

for GirdlercatalystG-3B,a smoothcurveof ‘A as a functionof P was

drawn,and pointsfrom thiswere used to ob:.alna pore-sizedistribution.

Also, straightlineswere drawnbetweenHaynes’data pointJ, and another dis-

tribution was obtained. The two wel’ecompared;the differencebetweenthe two

curveswas slight. The maximumdlffsrencebetweenthe two curveswas less than

two percentand over ❑ost of the range was leasthan one percent.

It is of interest.to comparethe pore-sizedistributionfor theGir(

G-3B obtainedfromthynes~diffusiondata with that whichHaynesobtained

mercuryporosimetry.This is done in Fig. 3. The differencesare alg~if’

The diffusion-pore-sizedtnLributionIs much broader,has the shape of an

proximatelyMaxwelllandistribution,and has a maximumat ahouL lL.5nm.

ler

by

cant.

ap-

The

porosimetry-pore-sizedistributionhas the shape of a ~oughlynormaldistribu-

tion,is very narrow,and has a peakat about 30 nm. Differencessuch as tAe:!e

are being investiga~edcurrently,



CONCLUSION

A methodof obtainingpore-sizedistributionsfromdiffustonmeasure-

❑entshas been presented. Work on this❑ethod is continuing,especiallyin

ths areasof improvingthe techniqueof solvingthe Fredhoimintegralequation

to obtainthe distribution,and in the comparisonof p~re-sizedistributions

determinedby thismethodand thoseobtainedDy otilertechniques.
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lower ltiiton a definiteintegral

upper limiton a def’lnlteintegral

dlffusivity,cm2/s

pre-size distributionfunction,in whiub f(r)dr is the fractionof
-1pore volumewith pore radiibetween r and r + dr, cm

functionof two variables;the k:rl.elin the Fredholmintegralequation,

dimensionless

lengthof’diffusionpath,cm

molecularweighb,g/gmole

diffusionflux,gmole/(cm2)(s)

pressure,Pa

gas constant,(cm~)(Pa)/(gmole)(K)

pore radius,cm

variat’lein Fredholmintegralequntlon

temperature,‘K

variablein FrcdholmlntcFralsquat.ion

mole fractionof dif!’UsinRga:l

4’ fumtion 0!’t
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